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A partial q-coforing of a graph is a family of q disjoint stable sets, each one representing a 
“color”; the largest number of colored vertices in a partial q-coloring is a number aJG), 
extension of the stability number a(G) = ml(G). In this note, we investigate the possibilities, 
for 1 s q c y(G), to express cu,(G) by a minimax equality. 
1. optimal partial q-colorings 
Let G be a simple graph with a finite vertex-set X and with chromatic number 
y(G), and let q be an integer, 1~ q s y(G). A partial q,-coloring of G is a family 
sp4 = (S,, S2, l l l 9 SJ of q disjoint stable sets. If x E Si, we shall say that the 
vertex x is of color (i). All the vertices need not have a color. The q-coloring Yq 
is optimal if the number of “colored vertices” jUi<q SiI is as large as possible. The 
number of colored vertices in an optimal q-coloring will be denoted by &JG), so 
that a,(G) = cu(G), the stability number of G. 
Consider a family Ce = (Ci 1 j E J) of cliques (complete subgraphs). The q- 
coloring Yq and the clique family % are associate if we have simultaneously: 
(A,) SinS’=8, CinCi=O for i#j; 
tA2) (Us>U(gCj)=X; 
iSq 
(A3) S’ n Cj #8 for all i and all i. 
Let G=(X,E) be a graph on X=(x1,x2 ,..., x,,}. Put Q={l,2 ,..., q}, 
and let Kq be the complete graph on Q. The Cartesian sum G + Kq is a graph on 
the Cartesian product X x Q, where (x, i) and (y, j) are joined if x = y and i #j, 
orif[x,y]EEandi= j. Every stable set & of G + Kq defines a partial q-coloring 
as follows: color the vertex x of G with color i if and only if (x, i) E SO. Conversely 
every partial q-coloring of G defines a stable set of G + Kq. 
Thus, we have the following basic result: 
Lemma 1. For every graph G and every integer q, there exists a one-to-one 
correspondence between the maximum stable sets of G + Kq and the optimal partial 
q-colorings of G, and 
aq(G) = tx(G + Kq)= 
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Lemma 2. A partial q-coloring yb = (S,, S& . . . , S,) is optimal if and only if for 
every partial +coloring 9: = (Si, S;, . . . , Sh), there exists an injective mapping 
o:USi+CJSi such that 
Clearly, a partial 
we consider for 9: 
injective): 
q-coloring Yq satisfying this condition is optimal, because if 
a partial q-coloring which is optimal, we obtain (since o is 
The converse follows immediately from Lemma 1 and the “maximum stable set 
Lemma” ([l], Chap. 13, §l): A stable set B is maximum if and only if every 
stable set S disjoint from B can be matched into B. 
Lemma 3. Let G be a graph, and let q be an integer, 1 s q s y(G). Then every 
partial q-coloring which has an associate clique-family is optimal. 
Let yb = (S*, &, = l l , S4) be a partial q-coloring of G, and let &= Uisq (Si x 
{i}) be the stable set of G + K4 defined as in Lemma 1. The existence of a 
clique-family Ce satisfying (Al), (AZ), (A3) allows to construct a clique-partition of 
G + K4 as follows: Take the cliques {x} X Q for all x E X - Uj &;-, and the cliques 
C’ x {i} for all i and j. Clearly, these cliques are pairwise disjoint and coveI* X; 
furthermore, by (As), each clique of the partition contains one element of &,, and 
only one. This shows that &, is a maximum stable set. From Lemma 1, it follows 
that Yq is optimal. 
We denote by 8(G) the least number of cliques which partition the vertex-set 
of G. 
Let G be a graph with chromatic number y(G), and let q be a positive 
integer, q < y(G). Then the following conditions are equivalent: 
(1) cu(G + K,J = 8(G + K4); 
(2) every optimal q-coloring has an associate clique-family; 
(3) some optimal q-coloring has an associate clique-family ;
(4) if M denotes a clique-partition of G, then 
&JG) = min c min{lC(, q). 
M C-EM 
Proof. (1) implies (2). Assume that a(G + KS) = B(G + K4). Let Yq = 
(Sb &, - l - , S,> be an optimal q-coloring of G. By Lemma 1, the set SO = 
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(Si x (i}) is a maximum stable set of G + Kq . Let %$ be a minimum clique 
partition of G + KS, so that 1%&l = l&I. Some cliques are of the type {x} x 0, with 
x E B (for some B c X) and the others are of the type Cf x {i}. We may replace 
each 0, by Q, and assume that the Ci satisfy: 
(1) c; n Cf@ = 0 forj #j’; 
(2) uCi=X- B foralli; 
i 
(3) CinSi#fl foralliandallj. 
From (2) and (3) we see that for the subgraph GX-, induced by X - B, each 
S’i - B is a maximum stable set, and each Cei = (Ci 1 j) is a minimum clique- 
partition; therefore any minimum clique-partition %’ = (Cj 1 j) of G,_, satisfies 
(AI), (A*) and (A3). This shows that 9 has an associate clique-partition Ce. 
(2) implies (3). Obvious. 
(3) implies (4). If we consider a q-coloring sp4 and a clique-partition M, we 
have: 
(0 Is% SI= C ICnUsi~ C min{lCLq). 
4 CEM CEM 
Let Yq be some optimal q-coloring. Let Ce be the clique family associate with 9& 
Let M be the clique-partition obtained from (G by adding the singletons {x} for 
every vertex x which is not covered by a member of 9& Then equality holds in 
(i). The property (4) follows immediately. 
(4) implies (1). Let gq and M be a q-coloring and a clique-partition of G for 
which (i) holds with equality. Since the inequality (i) is true for all yb and all M, 
the q-coloring gq is optimal. Let % be a clique-partition of G + K4 obtained from 
M 
- by replacing each CEM with lCl>q by CX(~). CX(~},... ,CX{~), 
and 
- by replacing each vertex x which belongs to a C E ti with ICI s 4 by {x} x Q. 
Clearly, Ce is a clique-partition, and 
WI = C min{lCI, 4). 
CEM 
Hence, 
a(G + KJ = a(G) = I%1 = 8(G + Kq). Cl 
Remark. In Theorem 1 we assume that 4 < y(G), because for 4 = y(G), the 
condition (1) is always true. Indeed, by Lemma 1 every graph G with chromatic 
number y(G) = y satisfies 
a(G + K,,) = 8(G + K,,) = n. 
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The complement of a graph G is a graph G with the same vertex-set, two 
vertices being joint in G if and only if they are not joined in G. We have: 
Corollary. If a graph G satisfies a(G + KS) = O(G + K4) for some q C y(G), then 
ifi complement C sahkfies a@ + K,) = @(G + K,) for some r C y(G). 
Proof. a(G + K4) = 0(G + K4) is equivalent to the existence of a partial 
q-coloring having an associate clique-partition. Consequently the result follows 
from the symmetric role played by the cliques and the stable sets in the conditions 
(AI), (AZ), 643). 0 
Examples. We study first the Hajos graph H (a triangle inscribed in a hexagon) 
with two different optimal 2-colorings (Fig. 1 and Fig. 2). This graph is perfect, 
but we cannot prove the optimality of a 2-coloring by associate clique-families. 
No such associate family does exist: In both Fig. 1 and Fig. 2, the cliques C1 and 
C, cover all the uncolored vertices, but are not disjoint; therefore (C,, C2) is not 
ai1 associate family. 
On the other hand a 2-coloring of the complement I? of the Hajos graph is 
represented on Fig. 3, and its optimality follows from the existence of the 
associate family (C,). 
The main problem we shall study here is: for which &asses of graphs does an 
optimal q-coloring have an associate clique-family? 
H 
H 
I 
I 
Fig. 1. a&I) = 4. Fig. 2. a@) = 4. 
Fig. 3. (yz(fi) = 5. 
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2. Existence theorems due to the perfectness of G +Kp 
Let GA denote the subgraph of G induced by a set A of vertices. Recall that a 
graph G is perfect if (Y(GJ = @(GA) for every A E V(G). A chain p is odd (resp. 
even) if the number of edges in p is odd (resp. even). A chain p is chordless if its 
vertices induce an elementary chain. A graph G is a parity graph if for 
n, y E V(G), all the chordless chains joining the vertices x and y have the same 
parity. For an elementary cycle, we say that two chords [x, y] and [z, t] cross if 
the vertices x, z, y, t are encountered in this order on the cycle. It is easy to show: 
A graph is a parity graph if and only if every odd elementary cycle of length a5 
has two crossing chords (Burlet and Uhry [5]). 
Thecle parity graphs have been considered first by Sachs [15], who has shown 
that every parity graph is perfect. This follows also from a more general result of 
Meyniel [ 131. Burlet and Uhry [§] gave a polynomial time recognition algorithm 
for a parity graph. Many graphs considered in the literature belong to this class. 
Example 1. A bipartite graph, defined by two vertex-sets X and Y, is a parity 
graph, because every chain joining x E X and x’ E X is even, and every chain 
joining x E X and y E Y is odd. 
Example 2. Let G be a graph such thaL ?a& block (“maximal 2-connected 
subgraphs”) is a clique. For x, y E V(G), there is only one chordless chain that 
joins the two vertices x and y, therefore G is a parity graph. If T is a tree, its 
line-graph L(T) has the following property: each vertex of L(T) which does not 
correspond to a pendant edge of T is an articulation vertex, and each block is a 
clique. So L(T) belongs to this class. 
Note that one can easily show: Each block of G is a clique if and only if G 
sati$?es the two following properties: 
(i) each cycle of length 34 has a chord 
(ii) G does not contain as an induced subgraph the graph Ci (cycle of 4 vertices 
plus one chord). 
Let us mention a few graphs which, are obviously not parity graphs. For k 3 2, 
denote by C2k+l the odd elementary cycle of length 2k + 1; denote by C&+l any 
graph obtained from C 2k+l by adding one chord (Fig. 4). Denote by C,” the graph 
obtained from Cs by adding two non crossing chords (Fig. 5). We see on the 
figure that the two vertices a and b are joined by an odd chordless chain and by 
an even chordless chtin. Hence a parity graph does not contain a C2k+I, nor a 
C&+*, nor a Ci. 
In fact, Burlet and Uhry have shown in [5]: A graph is a parity graph if and 
only if it does not contain as an induced subgraph any one of the following 
configurations : 
C 2k+l* l cycle of length 2k + 12 5 
C’ l cycle of length 2k + 12 5 plus one edge 2k+1* 
C;: cycle of length 5 plus two non-crossing chords. 
a a 
d 
b 
b 
Fig. 4. Fig. 5. 
In order to show that a q-coloring of a graph G has an associate clique-family, 
we know from Theorem 1 that it suffices to show that QI(G + KJ = 8(G + &), 
which can follow from the perfectness of the graph G + K4. Various necessary 
and sufficient conditions for the perfectness of the Cartesian sum G + H have been 
found independently by Ravindra and Parthasarathy [P4] and by de Werra and 
Hertz [7]; for H = K4, the result is simpler: 
Theorem 2. Let G be a graph, and let 2 s q s y(G). The Cartesian sum G + K4 is 
perfect if and only if 
q = 2, and G Zs a parity graph; or 
q 2 3, and G is a graph whose blocks are cliques. 
Proof. The condition is necessary. Let q = 2. Let G be a graph which is not a 
parity graph. Then G contains a C;, or a &+I with k 22, or a CL+, (as shown 
by Burlet and Uhry [S]). 
In the first case, Ci + Kz contains an odd chordless cycle: 
a2, b2, bl, cl, dl, d2, e2, a2 represented by the arrows on Fig. 6. Similarly an 
odd chordless cycle exists in C2k+l + K2 and in C;l,+, + K2 (remove in Fig. 6 the 
edges [a2, c2] and [a 1, cl], and then the edges [c2, e2] and [cl, el]). In al! cases, 
the graph G + K2 contains an odd chordiess cycle, and consequently cannot be 
perfect. 
al 
Fig. 6. 
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C;+Kg 
Let 4 2 3, and let G be a graph where some blocks are not cliques. Then G 
contains a Ci or a C, with k 2 4 (see note after Example 2). If G contains a C, 
with k odd ~3, we see as above that the Cartesian sum C, + K2 contains a Ck+2. If 
G contains C, with k even 24, then Ck + K3 contains a Ck+3 (see the arrows in 
Fig. 7). If G contains a C& we see that Ci + AK3 contains a C, (see Fig. 7). Thus, 
in every case, the graph G + K4 contains an odd chordless cycle, and, conse- 
quently is not perfect. 
The condition is sufficient. 
Let q 3 3, and let G be a graph whose blocks are cliques. Then G does not 
contain a C& The graph G + K4 does not contain a C& because otherwise, at 
least two vertices of this induced Ci would have the same vertical projection (but 
not the four of them), and every possibility leads to a contradiction. 
By the same argument, G + K4 does not contain a C2k+l with k 2 2. Then, the 
perfectness of G + K4 follows from a theorem of Ravindra and Parthasarathy 
which asserts that a graph which contains no Ci and no Czktl with k 2 2 is perfect 
(for a complete proof, see Tucker [16], Theorem 2). For 4 = 2, the proof is 
similar. 0 
The line-graph of a tree satisfies all the requirements of Theorem 2, thus any 
optimal q-coloring of such a graph has an associate clique-family. However, this 
argument does not help to construct an associate clique-family, and we can prove 
more directly: 
Theorem 3. Let G bc the line-graph of a tree, and let q s y(G). Then, for every 
optima! q-coloring, an associate clique-family can be efficiently constrwted. 
Furthermore, the graph G -I- K4 is perfect. 
Proof. Let pq denote an optimal q-coloring of a line graph G = L( 7’) of a tree T. 
We have to show that p4 has an associate clique family. 
If q = y(G), pQ is a q-coloring of G and any maximum clique forms an 
associate clique family. So assume q < y(G). For a vertex a of the tree T, denote 
by w,(a) the set of all edges incident to a: a set of edges 5 contained in UT(a) is 
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called a stur of center Q. We shall construct a partial q-coloring (I&, E2, . . . , Es) 
for the edges of T, and a family of stars (4 1 j E J), such that: 
(A;) I$nF,=@forj#k; 
(A;) every edge e $ U Ei s is contained in some 5; 
(A j) 14 fl Eil= 1 for all i, j. 
Clearly, (AI), (A:) and (A;) are equivalent to the axioms (Al), (AZ), (A3) which 
characterize an associate clique-family in G = L(T). Put 
B = {x 1 x E V(T), dT(x) > q}. 
The subgraph TB of T induced by B is a “forest” (union of disjoint trees). Let bl 
be a pendant vertex of some tree in TB. Label with a “0” the edge of TB incident 
to bl and dT(bl) - q - 1 other edges of T which are incident to bl. 
Let T, be the forest defined by the unlabelled edges of T, we have dTl(bl) = q. 
Put 
4 = {XI x E V(T), &,(d >q)- 
Then consider a pendant vertex b2 of a tree in the forest T,,, and define as before 
&; and so on. The procedure terminates with a forest Tk such that d&) s q for 
every vertex X; since Tk is a bipartite graph, it follows from Konig’s Theorem that 
there exists a q-coloring of its edges. This defines a partial q-coloring, and every 
star 4 = WT(bi) contains all the q colors. Clearly, every uncolored edge of T is 
contained in some & and the E’s are disjoint. This shows that the E’s satisfy 
(A;), (A;), (Aj) and achieves the proof. Cl 
3. Other classes of graphs 
In this section, we shall show that some known properties of balanced 
hypergraphs give easily some new classes of graphs for which the optimal 
q-colorings have an associate clique-family. An hypergaph H = (E, , E2, . . . , E,,J 
on X=(x1,x2,. . . , x,} is a collection of non-empty finite sets (called “edges”) 
whose union is X (the “vertex-set”); a cycle of length k is a sequence 
(x,, El, ~2, E2, . - - 9 Ek, xl) where the xi’s are diffeyc:st vertices, the Ej’S different 
edges, and Xi, Xi+1 E Ei for all i. The hypergl _ L? p T i’ is balanced if every cycle of 
odd length has an edge which contains at fe& %ree vertices of the cycle. Clearly, 
a bipartite graph is also a balanced hy:? rqr aph. 
The balanced hypergraphs hp v _ . a a introduced to generalize the main 
properties of the unimodulur hypergruphs (hypergraph whose incidence matrix 
edge-versus-vertex is totally unimodular). Let H be a balanced hypergraph with n 
vertices and m edges. Let A be its m x n incidence matrix, whose columns 
represent the edges, and whose rows represent the vertices. Let A* be its 
transpose. We denote by d = (d, , d2, . . . , d,) and y = (yr , y2, . . . , ym) two 
m-dimensional vectors whose coordinates are non-negative integers; we denote 
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by c = (c,, c2, . . . , c,J and t = (tI, f2, . . . , t,) two n-dimensional vectors whose 
coordinates are non-negative integers. 
Property 1 (Corollary of Berge-Las Vergnas [4]; generalized by Lovasz 
[12]). For every d E N”, 
max C diyi/y E N”, Ay s I C tilt E N”, A*t 3 d . 
Property 2 (Theorem of Fulkerson-Hoffman-Oppenheim [8]). For every d E Nm, 
max C G/t EN”, A*t Ed . 
Property 3. A hypergraph H = (E,, E2, . . . , En) with “rank” r(H) = max IEil is 
balanced if and only if every partial subhypergraph H’ (obtained from H by 
removing vertices and edges) is colorable with r(H’) colors so that no two vertices 
belonging to the same edge of H’ have the same color. 
For the proofs of these results, see [3], Chapter 5. 
Theorem 4. Let G be a graph with vertex-set X and let q < y(G). Let H(G) be the 
hypergraph on X defined by the maximal cliques of G. If H(G) is balanced, then 
every optimal partial q-coloring of G has an associate clique-family. 
Proof. Let H(G) = (E,, E2, l . . , Em) be the hypergraph of the maximal cliques 
of G, with incidence matrix A, and assume it is balanced. Let fi = 
(E 1, l l l 9 Em, fi, l 9 . , Fn) be the hypergraph obtained from H(G) by adding an 
edge I$ = {Xi} for i = 1,2, . . . , n, and let 2 be the incidence matrix of fi. 
Clearly, Z? is balanced. Let q be a positive integer, and let q = 
(4 4 ? q, 1, 1, l - l 9 1) be an (m + n)-dimensional vector with ?n coordinates 
equal to l q and n coordinates equal to 1. 
Let f=(t1, t2, . . . , tn) be an integral vector satisfying (A)*? 6 4 and maximiz- 
ing C tie Clearly, every coordinate ti is equal either to 0 or to 1. Put 
S = (~$1 sj < n, ti = 1). Thus, S defines a maximum set of vertices of H with the 
property: the subhypergraph Hs induced by S has a rank r(Hs) = maxEENs 1~71 at
most equal to q. Since Hs is balanced, S is then a maximum set of vertices of G 
which can be colored with q colors (by Property 3). Hence: 
a,(G) = ISI = max{ c ti/(A)*f G q)m 
Lety’=(Y,,y2,*.*,ym,Z1,Z2,***, Zn) be an (nr + n)-dimensional integral vector 
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satisfying f@ 2 (1, 1, . l l , 1) and minimizing the scalar product 
(Q*.Y)=4~Y.+~zj= 
i=l j=l 
defines a covering of H minimizing a linear function with positive 
coefficients, all its coordinates are ~1. Put 
Thus, we have: 
Then, we can write (using Property 2), 
ISlsC ISnEil+C Isn~I~q)Z~l+IJ,I=(~,g)=Cti=I~l. 
id0 jeJ0 
Hence each of these inequalities holds with equality, and, consequently, 
IS’nEil=q (kZO); (2) 
Isnly = 1 (iEJo)* (3) 
(SnEi)t7(SnEi8)=Ib (i, i’E&, i#iO). (4) 
Let ps be a q-coloring of G,. For i E I- the clique Ei contains 4 different colors, by 
(2). Every uncolored vertex is contained in at least one of Ei’S by (1) and (3). We 
may assume that the Ei’S are pairwise disjoint: otherwise, we may replace each Ei 
by Ej c Ei without violating (l), (2), (3), (4). Thus, (El, &, . . . , Em) constitute 
an associate clique family. This achieves the proof. Cl 
CWOII~ I. Let G be a graph whose maximal cliques constitute a unimodular 
hypergraph. Then every optimal partial q-coloring of G is characterized by the 
,xtitence of an associate clique family. 
This follow ‘j, From Theorem 4, since every unimodular hypergraph is balanced. 
Note that this statement was obtained first by other methods by Cameron [6]. 
Corollary 2. Let G be the line-graph of a bipartite multigraph. Then every optimal 
partial q-coloring of G has an associate clique family. 
The result follows from the Corollary 1, since the hypergraph H(G) of the 
maximal cliques has no odd cycles, and therefore is unimodular. 
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Corollary 3. Let G be an interval graph. Then every optimal partial q-coloring of 
G has an associate clique family. 
(Same argument). 
Corolky 4. Let G be a comparability graph with no induced KS minus two 
disjoint edges. Then every optimal partial q-coloring of G has an associate clique 
family. 
It is easy to show that H(G) is balanced. Thus the result follows from Theorem 4. 
Corollary 4 is in fact a special case of a theorem of Greene and Kleitman, 
reformulated as follows: 
Theorem of Greene and Kleitman. Every of a 
comparability graph an associate 
In fact, G of a 
partial order satisfies: 
a@) min min{lA, 4) 
M C(EM 
where M denotes a path-partition. Since every path induces a clique (by the 
transitivity) and every clique is spanned by a path (by Redei’s Theorem), this is 
equivalent to the condition (4) in Theorem 1, and we have shown that (4) is 
equivalent to (1). 
The Greene theorem [9] can be reformulated as follows: 
Theorem of Greene. In the complement of a comparability graph, every optimal 
partial q-coloring has an associate clique family. 
Note that all the graphs mentioned in these results are perfect. If G + Kq is 
perfect, it is well known that the determination of a maximum stable set of 
G + K4 is a polynomial problem. But if G is perfect, is the determination of an 
optimal q-coloring also a polynomial problem? 
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